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Abstract
Temporal evolution of atomic properties including the population inversion and
quantum fluctuations of atomic dipole variables are discussed in three various variants
of two-photon q-deformed Jaynes-Cummings model. The model is based on the
generalized deformed oscillator algebra, )ˆ(ˆ)1ˆ()1ˆ(]ˆ,ˆ[ 22 NfNNfNAA −++=+ in
which )ˆ(Nf as a function of number operator Nˆ  determines not only the intensity
dependence of atom-field coupling when the model Hamiltonian is expressed in terms
of nondeformed field operators but also the structure of initial state of the radiation
field. With the field initially being in three different types of q-deformed coherent
states, each of them corresponding to a particular form of the function )ˆ(Nf , the
quantum collapse and revival effects as well as atomic dipole squeezing are studied
for both on-and off-resonant atom-field interaction. Particularly, it is shown that for
nonzero detuning the atomic inversion exhibits superstructures, which are, absent in
the nondeformed Jaynes-Cummings model and the dipole squeezing may be enhanced
PACS numbers: 42.50.Lc , 32.90.+a
Keywords : Multi-photon deformed Jaynes-Cummings model , Collapse and revival ,
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21. Introduction
For the past three decades the Jaynes-Cummings model (JCM) [1] has been
playing a very significant role in our understanding of the interaction between
radiation and matter in quantum optics. This rather simplified but nontrivial model
idealizes the real situation by concentrating on the near-resonance linear coupling
between a single two-level atomic system and a quantised mode of  radiation.
Despite being simple enough to be analytically soluble in the rotating-wave
approximation, this model has been a long-lasting source of insight into the
nuances of the interaction between light and matter. It has led to nontrivial
predictions, such as the existence of collapses and revivals in the atomic
excitation[2], atomic dipole squeezing[3], vacuum Rabi oscillation[4] and has also
allowed a deeper understanding of the dynamical entangling and disentangling of
the atom-field system in the course of time[5]. Further interest in the JCM comes
from the fact that recent technological advances have enabled us to experimentally
realize this rather idealized model[6] and to verify some of the theoretical
predictions. A JCM interaction can be experimentally realized in cavity- QED
setups[6] and also, as an effective interaction, in laser-cooled trapped ions[7]. For
example revivals in the atomic excitation have recently been observed in a cavity-
QED experiment [8], providing direct evidence for the discreteness of photons.
Stimulated by the success of the JCM, more and more people have paid special
attention to extending and generalizing the model in order to explore new quantum
effects[9]. Among the generalized versions, the one with intensity-dependent
coupling[10] and the one which describes two-photon (or generally multi-photon)
transitions[11] are of special interest. The intensity dependent JCM is interesting
since this kind of interaction represents a very simple case of a nonlinear
interaction corresponding to a more realistic physical situation and the importance
of the two-photon processes is due to the fact that the high degree of correlation
between the photons in a pair may lead to the generation of nonclassical states of
the radiation field [12] .
On the other hand the quantum algebras[13] introduced as a mathematical
description of deformed Lie algebras, depending, in general, on one or more
deformation parameters have given the possibility of generalizing the notion of
creation and annihilation operators of the usual oscillator and to introduce
deformed oscillator. The representation theory of the quantum algebras with a
single deformation parameter q has led to the development of the q-deformed
oscillator algebra[14,15]. Using a q-oscillator description Chaichian and co-
workers[16] were the first to generalize the JCM Hamiltonian with an intensity-
dependent coupling by relating it to the quantum suq(1,1) algebra. Similarly,
Buzek[17] with the aim of extraction possible information about the physical
meaning of the q-deformation studied the atomic inversion of the standard JCM
with a q-deformed field initially prepared in a q-deformed coherent state(q-
DCS)[18]. Furthermore, the quantum collapse and revival effects as well as the
squeezing properties of the radiation field in the q-deformed version of the one-
photon on-resonant JCM were investigated by Crnuglej et al [19].
The aim of the present paper is to develop the above-mentioned deformed JCMs
and investigate some aspects of  three various variants of  two-photon q-deformed
JCM. Formally, the model Hamiltonian for the atom-field system has the same
structure as nondeformed two-photon JCM with aˆ  and +aˆ  replaced by the
3deformed operators Aˆ  and +Aˆ obeying the deformed commutation relation
)ˆ(ˆ)1ˆ()1ˆ(]ˆ,ˆ[ 22 NfNNfNAA −++=+ . The nonlinearity  function )ˆ(Nf plays a
central role in our treatment since it determines the form of nonlinearities of both
the field and the intensity-dependent atom-field coupling. With the field initially
being in three different types of q-deformed coherent states, each of them
corresponding to a particular form of the function )ˆ(Nf , the quantum collapse and
revival effects as well as atomic dipole squeezing are studied for both on-and off-
resonant atom-field interaction.
Our work is organized as follows. In the next section we describe the theoretical
model of multi-photon interaction between a cavity field and a two-level atom
within the framework of a generalized deformed JCM with an arbitrary
nonlinearity function )ˆ(Nf  and we construct the eigenvectors and eigenvalues.
Section 3 is devoted to give  the  time- dependent state of the atom- field system
initially in an arbitrary state. In section 4, by choosing three different forms of the
function )ˆ(Nf for which the associated deformed coherent states are known we
introduce three various variants of the two-photon q-deformed JCM. The dynamics
of atomic properties including the temporal behavior of population inversion and
quantum fluctuations of atomic dipole variables are discussed in section 5. Finally ,
we present a conclusion in section 6.  
2. The generalized multi-photon deformed JCM
It has been shown [20] that most of the nonlinear generalizations of the JCM are
only particular cases of the JCM in which the creation and annihilation operators of
the radiation field are replaced by deformed harmonic-oscillator operators with
prescribed commutation relations. One possible generalization is the multi-photon
deformed JCM ( 1=h )
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Where the two atomic levels separated by an energy difference 0ω  are represented
by the Pauli matrices ±σσ ˆˆ   ,z , the coupling constant g is a real number and ω  is the
frequency of the field. The operators +A ,A ˆˆ  are deformed annihilation and creation
operators constructed from the usual bosonic operators +a  ,a ˆˆ  ( [ +a  ,a ˆˆ ] =1 ) and
number operator aaN ˆˆˆ +=  as follows
                                        ++ == aNfA          ,          NfaA ˆ)ˆ(ˆ)ˆ(ˆˆ ,                           (2)
in which  Nf )ˆ( is an arbitrary real function of Nˆ . The deformed operators +A ,A ˆˆ
satisfy the deformed bosonic oscillator commutation relations
                             )ˆ(ˆ)1ˆ()1ˆ(}ˆ{}1ˆ{]ˆ,ˆ[ 22 NfNNfNNNAA −++=−+=+ ,
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The knowledge of the function  Nf )ˆ( determines all the properties of the deformed
algebra (3). It is evident that in the limiting case  Nf )ˆ( =1, the Hamiltonian (1)
becomes the multi-photon conventional JC Hamiltonian and the algebra(3) reduces
to the well-known Heisenberg-Weyl algebra generated by +a  ,a ˆˆ and the identity Iˆ .
Such a generalization is of considerable interest because of its relevance to the
4study of the intensity-dependent interaction between a single atom and the
radiation field with the atom making m-photon transitions in quantum optics
[4,10,19] as well as the study of the quantized motion of a single ion in an
anharmonic-oscillator potential trap[21].
To achieve a more clear insight to the physical meaning of the deformed JC
Hamiltonian given in Eq.(1) it is proper to rewrite it in terms of  nondeformed field
operators +a  ,a ˆˆ . Using (2) we arrive at
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with )1().....1ˆ()ˆ())!ˆ(( fNfNfNf −= and 1))!0(( =f . In this way, we learn that the
above Hamiltonian describes an intensity–dependent multi-photon coupling
between a single two-level atom and a nondeformed single-mode radiation field in
the presence of  an additional nonlinear interaction represented by the third term in
Eq.(4). As a well-known example if we choose
                                                )1ˆˆ(1)ˆˆ( −+= ++ aakaaf ,                                      (5)
where k is a positive constant, then the third term in Eq.(4) takes the form
22 ˆˆ aa +χ which is reminiscent of the Kerr-induced interaction[22] with ω=χ k as the
dispersive part of the third-order nonlinearity of the Kerr-like medium. So , in this
case the model consists of a single two-level atom undergoing m-photon processes
in a single –mode field surrounded by a nonlinear Kerr-like medium contained
inside a lossless cavity. Physically, this model may be realized as if the cavity
contains two different species of Rydberg atoms, of which one behaves like a two-
level atom undergoing m-photon transitions and the other behaves like an
anharmonic oscillator in the single mode field of frequency ω[23]. Furthermore it
is easily seen that with the choice (5) for the function  Nf )ˆ( the commutation
relations (3) take the form
                    AkAA           ,AkAA         ,AAA ˆ]ˆ,ˆ[ˆ]ˆ,ˆ[ˆ2]ˆ,ˆ[ 000 −=== +++ ,                  (6)
with aakA ˆˆ
2
1ˆ
0
++= . It is noteworthy that the relations (6) define su(1,1) algebra
when k =1.
The atom field evolution is studied in the space ne,  and ng,  where
n=0,1,2,….The state ne, ( ng, ) means that the atom is in the excited state e
(ground state g ) and the field in the number state n which is the normalized
Fock state of the deformed operators +A ,A ˆˆ ,
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with )(}{ 2 nnfn = . The states ne, , ng, are eigenstates of  zAA σω+ω + ˆ2
ˆˆ 0  with
the respective eigenvalues 
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5interaction part of the Hamiltonian(1) is such that the state ne,  is taken to
mng +, and vice versa, during the evolution of the system. Thus the entire
Hilbert space is split into subspaces spanned by ne,  and mng +,  and the
dynamics confined to individual subspaces. It is easy to show that the eigenvalues
of the Hamiltonian (1) are
                              ( )
}!{
}!{4
2
1}{}{
2
22
,, n
mn
gnmnE mn
(m)
n 
++∆±++ω=± ,                 (8)
in which ω−ω=∆ m0  is the detuning parameter and we have defined
                                         ( )mnmnmn −−+ω−∆=∆ }{}{, .                                    (9)
The corresponding eigenvectors are
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is the generalized Rabi frequency. For  Nf )ˆ( =1 the function mn,Ω  is reduced to the
conventional Rabi frequency in nondeformed JCM. In fact depending on the form
of  Nf )ˆ( this function has a different behavior in comparison with the conventional
Rabi frequency that, in turn, it leads to some important consequences for the
dynamics of the atom-field system. The energy difference between the levels
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The minimum of separation occurs when 0, =∆ mn  and the corresponding
difference is 
}!{
}!{2
n
mn
g
+ . It is evident that for  Nf )ˆ( =1 the minimum of energy
separation occurs at 0=∆ . Therefore the effect of 1)ˆ( ≠ Nf is to shift the value of
∆ at which the minimum separation of eigenenergies occurs.
63. The time dependent atom- field state
In order to study the dynamics of the system governed by the generalized deformed
JC Hamiltonian (1), first we need to describe the time-dependent state of the
system. For this purpose we solve the time dependent Schroedinger equation in the
interaction picture
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where int
~
H is the interaction part of the Hamiltonian(1) in the interaction picture
easily obtained as
 ( )  σω+ω−σ+σ σω+ω= ++−++ tAAiAgAgtAAiH zmmz )ˆ2ˆˆ(expˆˆˆˆ)ˆ2ˆˆ(exp~ 00int
         ( )( )( )( +∆−−−+ωσ= −+ t mNmN  i A g m }ˆ{}ˆ{expˆˆ
                ( )( )( ) )+σ∆−−−+ω− ˆˆ}ˆ{}ˆ{exp mA t mNmN   i .                                 (15)
Let us assume that the atom is initially prepared either in the excited state e  or
in the ground state g ,
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where φ  is the relative phase of the two atomic levels, and the field is initially in
the superposition of the number states
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Therefore the initial state of the atom-field is
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At any time t>0 , the atom- field state is described by the state
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in which the coefficients )()(, tC
m
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m
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initial values given in (19) by solving the Schroedinger equation(14),
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The initial distribution of the radiation field is assumed to be the deformed
Poisson distribution
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x  is the deformed exponential function. In
other words it is assumed that the field is initially prepared in a deformed coherent
state (DCS) that is the eigenstate of the deformed operator Aˆ  and its characteristics
are uniquely determined by the function )(nf . Of course the occurrence of DCS
rather than the standard one with Poisson distribution appears naturally since our
model is deformed. It is important to note that in our treatment, the function )(nf
determines not only the algebraic aspects of the deformed JC Hamiltonian (1), but
also the structure of the initial DCS of the field.
4. Three various variants of q- deformed JCM
In this section we specialize our considerations to the situation where the operator-
valued function  Nf )ˆ( is assumed to be a 4-parameter function as follows
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where the parameters µλ,,,qp are positive and real numbers. Our above choice for
the function  Nf )ˆ(  is such that for some specific values of the parameters we
arrive at three different types of q-DCS whose mathematical structures and
quantum statistical properties are known:
a) if we put p = q , 0=λ=µ then
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and according to (17) and(22) the corresponding DCS is the well-known maths-
type q- deformed coherent state suggested first by Arik and Coon [18]
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8and )1()1(][ qqn nq −−= , qqqq nnn ]1....[]1[][!][ −= . In this case the deformed
operators +A ,A ˆˆ  satisfy the algebra 1ˆˆˆˆ =− ++ AAqAA . Furthermore the convergence
of the series in (26) requires that for q<1, )1(1|| 2 qz −< and for 1≥q there is no
restriction on | z|.
b) If we put p = 1, 1,0 =λ=µ   then
                                                            )1ˆ()ˆ( −−= NqNf                                                (27)
                                                
and the corresponding DCS is a new type of q-DCS constructed and studied
recently by Penson and Solomon [24]
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The convergence of the infinite series in (29) requires that 10 ≤≤ q  for all values
of z. In this case the operators +A ,A ˆˆ  satisfy the algebra NqAAqAA ˆ22 ˆˆˆˆ −+−+ =− .  It
has been shown[24] that for q<1 the states 
)(
,
PS
qz are nonclassical that is they
exhibit sub-Poissonian photon statistics and quadrature squeezing.            
c) Finally, if we put p = q, 2/1,1 =λ=µ    we have
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and the corresponding DCS is another new type of q-DCS studied very recently by
Quesne[25]
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in which for  q>1 , )1(1|| 2 −< qz and for 1≤q there is no restriction on | z|. In this
case the deformed operators +A ,A ˆˆ satisfy the deformed commutation relation
11 ˆˆˆˆ −+−+ =− qAAqAA . It has been shown that similar to the states 
)(
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qz  the
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Q
qz exhibit nonclassical properties [25].
For q=1 all three q-DCSs (25), (28) and (31) reduce to the conventional
coherent state ∑∞
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9It is important to note that the single deformation parameter q in one hand
determines the structure of initial DCS of the field and on the other hand it may be
viewed as a phenomenological constant controlling the strength of intensity –
dependent atom-field coupling as well as the interaction between the field and
nonlinear medium contained inside the cavity, described by the fourth and third
terms in Hamiltonian (4), respectively.  As an interesting point we note that when
)10(1 <<ε<ε±=   q the functions  Nf )ˆ( given by (24) and (30) reduce
to )1ˆ(
2
1)ˆ( −ε+≈ NNf  and for   q ε−= 1 the function  Nf )ˆ( given by (27)
reduces to )1ˆ(21)ˆ( −ε+≈ NNf  [note that in the case (b), 1≤q ]. Therefore one
can infer that up to the first order approximation the nonlinearity of  the models
under consideration may be described as a Kerr-type nonlinearity [see Eq.(5)].
According to Eq. (8), the energy eigenvalues )2( ,nE±  of the two-photon deformed
JCM Hamiltonian (1) read as
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In Figs.1a-e we have shown the variations of  ω± /)2( ,nE  associated with the
functions  Nf )ˆ( given by  (24), (27) and(30) for different values of the
deformation parameter q , with respect to the scaled detuning parameter
2)/(/ 0 −ωω=ω∆ . In each figure the dashed and continuous curves represent the
energy eigenvalues for n=1 and n=2, respectively. The diverging eigenvalue
separation beyond the minimum separation indicates level repulsion in the
eigenvalues of the dressed atom. Furthermore the effect of q-deformation is to shift
the value of ∆  where the minimum separation occurs. For q=1 the minimum
separation occurs at ∆=0. Of course, as shown in the figures, the magnitude and
direction of the displacement of the position of the minimum separation depend on
the form of  Nf )ˆ( and q<1 or q>1.
5. Dynamics of atomic properties
In the present section we are intended to explore the temporal evolution of the
atomic properties in three various variants of two-photon q-deformed JCM ,
presented in the previous section , interacting with three different types of q-DCS
described by Eqs.(25),(28) and(31).
5.1. Evolution of atomic population inversion
Using the atom-field state )(tΨ  given by Eq. (20) the atomic population
inversion at time t is obtained as follows
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In Figs.2a-d we have plotted the behavior of )(ˆ 3 tσ , as a function of the scaled
time gt, at the exact resonance 0( =∆ ) for an initially excited atomic state
( )01 =β=α   ,  and different values of deformation parameter q.  Fig. 2a shows the
time evolution of )(ˆ 3 tσ  for nondeformed  (q =1) two-photon JCM, and Figs.2b-d
correspond to the deformed case 1( ≠q ) associated with (24), (27) and (30),
respectively. As it is seen depending on the value of  q one observes different time
behavior of )(ˆ 3 tσ . In the close vicinity of q=1,i.e., )10(1 <<ε<ε±=   q , the
atomic inversion exhibits a finite sequence of quantum collapses and   revivals,
whereas for q>1 or q<1 these effects are lost and )(ˆ 3 tσ  shows chaotic-like
behavior ,e.g., for q=1.1 in Fig.2b ( the top curve), q=0.95, 0.9, 0.85  in Fig.2c (the
second, third and fourth curves from the bottom, respectively) and q=0.9 in Fig.2d
(the bottom curve). To understand the origin of chaotic-like behavior of )(ˆ 3 tσ  we
consider the collapse and revival times. The time required for the first collapse and
the following revival of the Rabi oscillations, denoted by ct and rt  respectively,
can be estimated approximately. The first revival of the oscillations occurs if at
least the terms oscillating with the greatest weights in (34) with
01 =β=α   , acquire a phase difference of π2 . Subsequent revivals occur at the
phase differences being multiplicities of π2 . Those terms correspond to nn = and
1±= nn , where
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is the mean number of photons of the initial field. Thus
                                     
212221
22
  ,n  ,n  ,n  ,n
rt
−+ Ω−Ω
π=Ω−Ω
π= .                                (36)
For the inversion to collapse , the oscillations associated with different values of n
should be uncorrelated . Since the width of the deformed Poisson distribution
2|| nQ is where the probability 
2|| nQ is appreciable an estimate of ct can be
obtained from the condition
                                               ( ) 122 =Ω−Ω δ−δ+ c  ,nn  ,nn t ,                                       (37)
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where ,
                                                 2|||| znzn ∂∂=δ                                             (38)
is the width of initial distribution 2|| nQ . Note that for q=1, 
2|| zn =  and
|| znn ==δ corresponding to the Poisson distribution. The time rt  corresponding
to each of the three different initial DCSs (25), (28) and (31) may be obtained as
follows  :
- maths-type q-DCS:
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where ∑∞
=
=
0
2)()( ||
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n
AC Qnn .
- Penson-Solomon q-DCS:
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- Quesne q-DCS:
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where ∑∞
=
=
0
2)()( ||
n
Q
n
Q Qnn .  
Furthermore the collapse time cT  in each case reads as
                                 ),,(
||
1
||44
2
)(
)(
)(
)(
)( QPSACi         ,
z
nz
t
n
t
t
i
i
r
i
i
ri
C =
∂
∂π
=πδ=              (42)
Depending on q<1 or q>1, the revival and collapse times )(irt , 
)(i
ct  may be increased
or decreased over the times expected   for q=1, i.e., the revival and collapse times
of the nondeformed two-photon JCM which are given by
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)32(
)2)(1(2)(
+
++π=
n
nn
g
t JCMr  and 
n
t
t
JCM
rJCM
c π= 4
)(
)( , with 2|| zn = . As an example, for
the values used in the numerical plots of Fig.2 some of the corresponding revival
and collapse times are given in table1. As it is seen in each case where the collapse
and revival times decrease in comparison with those correspond to the
nondeformed case we have )(
)(
)(
)(
JCM
c
i
c
JCM
r
i
r
t
t
t
t <  which in turn leads to overlapping
subsequent revivals and ultimately occurrence an irregular behavior of time
evolution of )(ˆ 3 tσ . Furthermore by increasing the deformation the irregular
behavior of population inversion becomes much pronounced; not only the
amplitude of Rabi oscillations but also the time average of the atomic inversion is
affected remarkably.
                 Table 1. The first revival and collapse times in two-photon nondeformed
                 as well as three variants of q- deformed JCM.
1)( =nf q=1  )( JCMrt =31.3803  )( JCMct =0.8323
)1(/)1()( qnqnf n −−= q=1.1  )(srt =11.3779  )(sct =0.4113
q=0.85  )(PSrt  =1.6504  
)(PS
ct =0.1028
q=0.9  )(PSrt =2.7803  
)(PS
ct =0.1487
)1()( −−= nqnf
q=0.95  )(PSrt =8.5441  
)(PS
ct =0.3652
)1(/)1()( qnqnf n −−= − q=0.9  )(Qrt  =9.7002  )(Qct =0.3692
As another important point, it is to be noted that whereas in the absence of
deformation (q=1) the atomic inversion oscillates around zero (see Fig.2a),  in all
three deformed models the atomic inversion oscillates around a positive nonzero
value (see Figs.2b-d) which means that due to the deformation more energy is
stored in the atomic system leading to energy inhibition. In other words by
increasing the deformation there is a growing tendency of the atom to trap the
excitation energy. Physically it is due to the change in energy-level structure of the
deformed models under consideration.
We now examine the influence of the detuning ∆ on the time evolution of
)(ˆ 3 tσ .  As mentioned in Sec.2 the generalized Rabi frequency mn,Ω [Eq.(12)] has
a different behavior compared to the nondeformed one. In fact, unlike the
nondeformed Rabi frequency, the dependence of mn,Ω  on n is such that  it has a
minimum value. For the two-photon case the function 2,nΩ  attains its minimum
when detuning satisfies the following relation with n
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provided 1)( ≠nf  for each value of 0≥n . Choosing nn = (mean number of photons
in the initial q-DCS) we have
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The Rabi frequency 2,nΩ  in such a case reads
                         ( ) }2}{1{4)2}{}2({ 222, +++−−+ω−∆=Ω nngnn cn .              (45)
Let us treat this frequency as a continuous quantity and express the dispersion
curve 2,nΩ  around point n
                                    +Ω−+Ω=Ω )2( 2,22,2, )( nnn nn …….  ,                           (46)
where
              
2,
2
2
2
222
2,2
2
)2(
2,
)()()(2)(
2
1
!2
1
n
nnnn
nn
nn
dn
nCd
dn
nAd
nB
g
dn
ndA
dn
d
 Ω



 −ω−


=Ω=Ω ==
=
,
                                                                                                                                   (47)
with
                
).2()1(
)1)(1(
}2}{1{)(
,
}{}2{
}2{}1{}1{}2{
)(}{}2{)(
22 ++=++
++=
−+
+++++
=−+=
==
==
nfnf
nn
nn
nC 
 
n
dn
d
n
dn
d
n
dn
d
nn
dn
d
n
nB     ,nnnA
nnnn
nnnn
                                                                                                                               (48)
The first term of the expansion (46) is responsible for rapid oscillations of the
model under consideration while the remaining terms are responsible for their
envelope. If one can neglect the higher order derivatives than the second order one
in (46) the collapses and revivals of the oscillations will be perfectly periodic. In
other words, by making an appropriate choice of parameters g, q and n  the
approximate values predicted by the expression (46) up to second order may match
with those given by the exact expression (45) and in such a case it is reasonable to
expect regular oscillations with a neat envelope. Under the circumstances, one
deals with the second–order revivals [26] which are different from the revivals
exhibited by the standard JCM or by the deformed JCM if the condition (44) is not
satisfied. Some interesting aspects of the second-order revivals at an initially
14
strongly squeezed radiation field in the standard JCM have recently been
considered [27].
In Figs.3a-e we have displayed the effect of detuning on the behavior of )(ˆ 3 tσ
for an initially excited atom in each of the three variants of two-photon q-deformed
JCM. For each case the values of the parameters are so chosen that the difference
between the exact expression (45) and the expansion (46) up to second- order
becomes small as far as possible when 0≠∆ . For an initially maths-type q-DCS
with q=0.9 and q=1.1 (Figs. 3a and 3b, respectively) the envelope of )(ˆ 3 tσ  when
detuning equals to the corresponding c∆  is distinct with structures repeating
without much distortion, whereas the resonant case reveals irregularity in the time
evolution of population inversion. This irregularity is due to the noticeable
difference between (45) and (46) when 0=∆  such that higher order derivatives in
(46) lead to incompleteness and overlapping of the revivals. The same situation
occurs for an initially Quesne q- DCS (Figs.3c and 3d). But for an initially Penson
–Solomon q-DCS (Fig.3e) the time evolution of )(ˆ 3 tσ  exhibits random
oscillations when c∆=∆  and does not have a neat envelope (the top curve in Fig.
3e). Therefore, unlike the two former cases in this case the second-order revivals
do not exist and instead of them, regular structures occur at 0≠∆≠∆ c (The
middle curve in Fig.3e). In any case, the possibility of regular dynamics of the off-
resonant model appears when the resonant model reveals irregularity in its time
evolution                                                                                
5.2. Atomic dipole squeezing
To analyze the quantum fluctuations of atomic dipole variables and examine
their squeezing we define the two slowly varying Hermitian quadrature operators
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In fact 1σˆ and 2σˆ  correspond to the dispersive and absorptive components of the
amplitude of the atomic polarization [2], respectively. They obey the commutation
relation 2/ˆ]ˆ,ˆ[ 321 σ=σσ i . Correspondingly, the Heisenberg uncertainty relation is
                                            
2
3
2
2
2
1 ˆ16
1)ˆ()ˆ( σ≥σ∆σ∆  ,                                      (50)
where 222 ˆˆ)ˆ( iii σ−σ=σ∆   is the variance in the component iσˆ ( i=1 , 2)  of the
atomic dipole.
The fluctuations in the component  iσˆ ( i=1 or 2) are said to be squeezed (i.e.,
dipole squeezing) if the variance in  iσˆ  satisfies the condition
                                       )21(ˆ
4
1)ˆ( 3
2 or i       ,i =σ<σ∆  .                                   (51)
Since 4/1ˆ 2 =σ i this condition may be written as
                                )21(,0ˆˆ41 3
2
 or i          F ii =<σ−σ−= .                        (52)
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The expectation values of the atomic operators 2,1σˆ  in the state )(tΨ  of the atom-
field system [Eq. (20)] are given by
                 
( )
,),,(),(),(
)()()()(
2
1ˆ
0
22
0
)2(
,
)2(
,
)2(
,
)2(
,1
00
 tWtVtU        
etC tCetC tC
nn
n
n
n
ti
neng
ti
ngne
θφαβ+θβ+θα=
+=σ
∑
∑
∞
=
∞
=
ω∗ω−∗
                 
( )
),,2/,()4/,()4/,(
)()()()(
2
1ˆ
0
22
0
)2(
,
)2(
,
)2(
,
)2(
,2
00
θπ+φαβ+π+θβ+π+θα=
−=σ
∑
∑
∞
=
∞
=
ω∗ω−∗
tWtVtU        
etC tCetC tC
i
nn
n
n
n
ti
neng
ti
ngne
                                                                                                                               (53)
where
,
2
cos2
2
)2(
sin
2
2
)2(
cos
2
sin
2
sin
}2}{1{
||||2
),(
2,202,2,2
02,2,22,2
2,2
2,22,
2,
2





 Ω



 θ+ω+∆+∆−



 θ+ω+∆+∆


 Ω


Ω
∆



 Ω
Ω
++
=θ
++
++
+
+
+
tt
                                                                  
tttnn
QQg
tU
nnn
nnn
n
nn
n
nn
n
,
2
sin2
2
)2(
cos
2
2
)2(
sin
2
cos
2
sin
}2}{1{
||||2
),(
2,202,22,
02,22,2,22,
2,
2
 
tt
                                                        
tttnn
QQg
tV
nnn
2,2-n
2,2-n
nnnn
n
nn
n





 Ω



 θ+ω+∆+∆Ω
∆−





 θ+ω+∆+∆


 Ω



 Ω
Ω
++
=θ
−−
−−
+
. 
t
ttQQ
nnnn
g
tt 
tt  
t
tt  
tt 
t
QtW
nnnn
nn
nn
nn
n
n
nn
n
nnnnn
nn
nn
nnnn
nn



 θ+φ−ω+∆+∆


 Ω



 Ω
ΩΩ
++++
+






 Ω



 Ω
Ω
∆
+


 Ω



 Ω


Ω
∆



 φ+ω+∆+∆+




 Ω



 Ω
ΩΩ
∆∆
−






 Ω



 Ω



 φ+ω+∆+∆=θφ
++
+
+
−
−
−
−−−
−
−
−−
4
2
)2(
cos
2
sin
2
sin||||
]4}{3}{2}{1{
4
2
cos
2
sin
2
sin
2
cos
2
)2(
sin
2
sin
2
sin
2
cos
2
cos
2
)2(
cos||),,(
02,22,2,22,
4
2,22,
2
2,22,
2,
2,
2,22,
2,2
2,202,22,2,22,
2,22,
2,22,
2,22,02,22,2
                                                                                                                               (54)
The short-time evolution of )(1 tF  corresponding to the squeezing of 1σˆ  have
been shown in Figs.4a-c for an initially prepared de-excited atomic state
( 1,0 =β=α ) interacting resonantly with initially three types of q-DCS (25), (28)
and (31) with 5.0|| 2=z (small mean number of photons) within the framework of
three corresponding variants of deformed JCM, respectively. For comparison, in
each figure we have also displayed the numerical plot associated with nondeformed
case q=1. As it is seen, in all three deformed cases the strength of dipole squeezing
16
is reduced compared to that of the nondeformed case. With increasing the
deformation the dipole squeezing is weakened considerably.
In Figs.5a-c we have shown the influence of detuning on the time evolution of
the function )(1 tF . In each figure, the bottom and top curves correspond to the
deformed and nondeformed cases respectively, and the value of detuning is chosen
such that the corresponding Rabi frequency attains its minimum ( c∆=∆ ).  We
find that whereas in the nondeformed case large detuning causes to disappear
dipole squeezing completely, for two deformed cases corresponding to the
functions f(n) given by (24) and (30) it leads to enhanced and strong dipole
squeezing (Figs.5a,5b). The situation is completely changed when we consider f(n)
given by (27), the function )(1 tF shows rapid oscillations in an irregular manner and
dipole squeezing does not appear at all (bottom curve in  Fig.5c).
6. Conclusions
In this paper we have studied the nondissipative dynamics of a two-level atom
interacting with cavity field through multi-photon transitions within the framework
of the deformed JCM corresponds to the JCM including general form of
nonlinearity of both the field and the intensity-dependent atom-field coupling. The
model is based on the generalized deformed oscillator algebra
)ˆ(ˆ)1ˆ()1ˆ(]ˆ,ˆ[ 22 NfNNfNAA −++=+  in which the function )ˆ(Nf  determines the
nonlinearity of the model under consideration. With the field initially being in
three different types of q-DCS,  each of them corresponding to a particular form of
the function )ˆ(Nf , the time evolution of the atomic inversion and atomic dipole
squeezing of three various variants of two-photon q-deformed JCM are discussed
for both on- and off- resonant atom-field coupling. Particularly, we find that at the
exact resonance the atomic inversion exhibits a chaotic-like behavior and the
strength of dipole squeezing is reduced compared to the nondeformed case. While
for nonzero detuning the dynamical behavior of atomic inversion exhibits
superstructures which are absent in the usual JCM and the dipole squeezing may be
enhanced.
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Figure Captions
Fig.1 Dependence of scaled energy eigenvalues ω±E  on scaled detuning ω∆  for
three various variants of two-photon q-deformed JCM with 5.=ωg . The dashed
and continuous curves correspond to n=1 and n=2, respectively.
a, b) 
)1(
1)(
qn
q
nf
n
−
−=  with q=0.8 , q=1.2  respectively,
c) )1()( −−= nqnf  with q=0.8,
d,  e ) 
)1(
1)(
qn
q
nf
n
−
−=
−
 with q=0.8 , q=1.2 , respectively.
Fig.2 Time dependence of population inversion for a two-level atom undergoing
two-photon transitions. We have set =α 2 1, 1.0=ωg , 2|| z =9, 0=∆ .
a)  f(n)=1 ,
b) 
)1(
1)(
qn
q
nf
n
−
−= .The curves from bottom to top of the figure show
respectively, )(ˆ 3 tσ  for q=0.9 , )(ˆ 3 tσ +1.5 for q=0.99 , )(ˆ 3 tσ +3 for
q=1.01 and )(ˆ 3 tσ +4 for q=1.1,
c) )1()( −−= nqnf . The curves from bottom to top of the figure show respectively,
)(ˆ 3 tσ  for q=0.99 , )(ˆ 3 tσ +0.1 for q=0.95 , )(ˆ 3 tσ +0.15 for q=0.9 and
)(ˆ 3 tσ +0.25 for q=0.85,
d) 
)1(
1)(
qn
q
nf
n
−
−=
−
.The curves from bottom to top of the figure show
respectively, )(ˆ 3 tσ  for q=0.9 , )(ˆ 3 tσ +1.5 for q=0.99 , )(ˆ 3 tσ +3 for
q=1.01 and )(ˆ 3 tσ +4 for q=1.1.
Fig.3 The influence of detuning on time- evolution of atomic population inversion.
Values of ωg  and 2α are the same as fig.2 .
a) 
)1(
1)(
qn
q
nf
n
−
−=  with q=0.9 , 2|| z =5 ( n =7.0963). The bottom curve shows
)(ˆ 3 tσ -0.5 for 0=∆  and the top curve shows )(ˆ 3 tσ +0.5 for
1737.2−=ω∆=ω∆ c .
b) 
)1(
1)(
qn
q
nf
n
−
−=  with q=1.1 , 2|| z =2.5 ( n =2.2425). The bottom curve shows
)(ˆ 3 tσ -0.5 for 0=∆  and the top curve shows )(ˆ 3 tσ +0.5 for
53978.1=ω∆=ω∆ c .
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c) 
)1(
1)(
qn
q
nf
n
−
−=
−
 with q=1.1 , 2|| z =4 ( n =5.70176). The bottom curve shows
)(ˆ 3 tσ -0.5 for 0=∆  and the top curve shows )(ˆ 3 tσ +0.5 for
98646.1−=ω∆=ω∆ c .
d) 
)1(
1)(
qn
q
nf
n
−
−=
−
 with q=0.9, 2|| z =3 ( n =2.3763). The bottom curve shows
)(ˆ 3 tσ -0.5 for 0=∆  and the top curve shows )(ˆ 3 tσ +0.5 for
.0177.2=ω∆=ω∆ c
e) )1()( −−= nqnf  with q=0.95 , x=2.5 ( n =2.0443) . The curves from bottom to top
of the figure show respectively, )(ˆ 3 tσ  for 0=∆ , )(ˆ 3 tσ  for 2/ =ω∆ ,
)(ˆ 3 tσ +0.2 for 4805.1−=ω∆=ω∆ c .
Fig.4 Time evolution of )(1 tF  corresponding to the squeezing of 1σˆ . We have set
=α 2 0, 1.0=ωg , 2|| z =0.5, 0=∆ .
a) 
)1(
1)(
qn
q
nf
n
−
−=  with q= 0.8 (heavy line) , q=1.2 (full line).
b) )1()( −−= nqnf  with q= 0.9 (heavy line) , q=0.8 (full line).
c) 
)1(
1)(
qn
q
nf
n
−
−=
−
 with q= 0.8 (heavy line) , q=1.2 (full line).
 In each of these three figures, the dashed curve corresponds to the nondeformed
case,  f(n)=1 (q=1).
Fig.5 Time evolution of the function )(1 tF  for =α 2 0, 1.0=ωg and nonzero
detuning. In each part , the bottom and top curves correspond to the deformed case
(q≠ 1) and nondeformed case (q=1), respectively with the same values of 2|| z  and
detuning parameter.
a) 
)1(
1)(
qn
q
nf
n
−
−= with q=0.95, 2|| z =18 )767.49( =n , 9003.8−=ω∆=ω∆ c .
b) 
)1(
1)(
qn
q
nf
n
−
−=
−
with q=1.05, 2|| z =18 )650.51( =n , 2523.9−=ω∆=ω∆ c .
c) )1()( −−= nqnf  with q=0.95 , 2|| z =18 )0588.8( =n  , 0372.1−=ω∆=ω∆ c
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